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APPROXIMATION OF THE EQUILIBRIUM DISTRIBUTION
BY DISTRIBUTIONS OF EQUAL POINT CHARGES
WITH MINIMAL ENERGY

J. KOREVAAR AND M. A. MONTERIE

ABSTRACT. Let w denote the classical equilibrium distribution (of total charge
1) on a convex or C'®-smooth conductor K in RY with nonempty interior.
Also, let wn be any Nth order “Fekete equilibrium distribution” on K, defined
by N point charges 1/N at Nth order “Fekete points”. (By definition such a
distribution minimizes the energy for N-tuples of point charges 1/N on K.)
We measure the approximation to w by wy for N — oo by estimating the
differences in potentials and fields,
U¥ —U®N and &Y —&E¥N,

both inside and outside the conductor K. For dimension ¢ > 3 we obtain
uniform estimates O(1/N1/(¢=1)) at distance > ¢ > 0 from the outer boundary
3 of K. Observe that £“ = 0 throughout the interior 2 of ¥ (Faraday cage
phenomenon of electrostatics), hence £2N = O(1/N1/(@=1)) on the compact
subsets of 2.

For the exterior Q°° of ¥ the precise results are obtained by comparison
of potentials and energies. Admissible sets K have to be regular relative to
capacity and their boundaries must allow good Harnack inequalities. For the
passage to interior estimates we develop additional machinery, including inte-
gral representations for potentials of measures on Lipschitz boundaries 3 and
bounds on normal derivatives of interior and exterior Green functions.

Earlier, one of us had considered approximations to the equilibrium dis-
tribution by arbitrary distributions pxn of equal point charges on ¥. In that
context there is an important open problem for the sphere which is discussed
at the end of the paper.

1. INTRODUCTION AND RESULTS

1.1. The problem. Let K, “the conductor”, be a compact set in R? of positive
capacity. The unbounded component of the complement K¢, to which one adds a
single point at oo, is denoted by K. We write X for the outer boundary of K,
Y =0 K = 0K®>.

One considers all probability measures p on K. For such “distributions p of
positive charge” on K, of total charge 1, the electrostatic potential, the electrostatic
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field and the energy are defined by

Ur) = [ @ -y duty), £"(@) = ~grad U (o),

(1.1) K

1) = [ @ = o) duta)duty),
KxK

where ® = @,
(1.2) D, (r)=1/r1"2 if ¢ >3, ®o(r) =log(1/r).

Among the probability measures p on K there is a unique equilibrium distribution
w which minimizes the energy. The minimal energy I(w) gives the Robin constant
V for K. One has cap K = ®~1(V), suppw C %, U¥ < V throughout R4, U~ =V
on K outside an exceptional subset of ¥ of (outer) capacity zero, see Frostman [7].
If K is regular for the Dirichlet problem, U“ = V everywhere on K and inside
%, cf. Wermer [33].

Fixing N (always > 2) for a moment, we also consider all special discrete mea-
sures uy = pun(21,...,xN) given by charges 1/N at (distinct) points z1,... ,xn €
K. The corresponding electrostatic potential and so-called discrete energy are given
by

N N
1 . det 1
(L.3) U™ (2) = N S 0(lz—axl), I(un) = Nz > d(jzy — k).
k=1 Jik=1,j#k

(The ordinary energy I(uy) is infinite.) Any measure uy for which the discrete
energy I*(uy) is minimal will be called an Nth order “Fekete measure” wy on
K. Tts support is an N-tuple {fn1,..., fyn} of Nth order “Fekete points” which
belong to the outer boundary ¥ of K. Such points were introduced by Fekete [6]
for dimension g = 2.

One can show that I*(wy) — I(w) as N — oo (cf. Remark 3.11), from which it
follows that wy — w in weak* sense (cf. Frostman [7]). Thus wy(F) — w(E) for
well-behaved subsets FF C 3 as N — oo, and

U“N(z) - U%(x), E“Y(z)— &E¥x), VxeRI-X.
Question. How small are the differences

w(E)—wn(E), U ) —-U“N(x), &% x)—EYN(x)
for large values of N7

Observe that £ = 0 everywhere inside Y, an idealized mathematical formulation
of the classical Faraday-cage phenomenon of electrostatics. One would like to know
in particular how small E“N will be inside 3.

For a conductor K given by an analytic or C*® Jordan curve I' in the plane,
Pommerenke [31] and Korevaar and Kortram [18, 23] have obtained close approx-
imations to the Fekete points. For very smooth I', the approximations show that
w(E)—wy(E) = O(1/N), uniformly for the subarcs £ C T'. Via a Stieltjes integral
for the potential difference U¥ — U“N this estimate implies that £¥ — E“N is at
most of order 1/N at distance > € > 0 from the curve, see Korevaar and coauthors
Geveci and Kortram [18, 22, 23]. These papers also show that the order O(1/N) is
sharp except when I' is a circle.

For less smooth conductors in the plane (such as a square) and for conductors
in higher dimensions, the known results on the distribution of Fekete points (cf.
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Sjogren [32], Dahlberg [3]) do not suffice to prove the desired estimates for the
differences in potentials and fields. Thus an entirely new method of proof is required
(see Section 1.3).

1.2. Principal results. Throughout this paper, ) denotes a bounded domain in
R9 U {oo} which is the interior of its outer boundary. Thus 2 and the complement
Q> of the closure Q have the same boundary ¥. For the time being we suppose
that the “conductor” K is the closure of 2 or its boundary ¥X. Later we will allow
more general compact sets K, at least for the estimates on the unbounded domain
K.

Theorem 1.1. Let the bounded domain Q C R? (¢ > 3) be convex or have C1*
boundary ¥ (with o > 0). Then for N > 2 and z € Q or x € Q%

1 1 14+d; 1
(1.4)  —c¢ymin <1, F) — < UYN(z) - U¥(z) < 02+—7

N1/(g—1) - dg—l N1/(g-1)’
where d, = d(z,X) and the constants ¢; depend only on Q.

Once Theorem 1.1 has been established, one may use the Poisson integral to
obtain an upper bound for the difference of the electrostatic fields. The result is

Theorem 1.2. Under the hypotheses of Theorem 1.1, there is a constant c3 de-
pending only on Q such that for N > 2 and all x € X,

14+d, 1
(1.5) 1£9(x) — £9¥ ()] < c?,;—gdm.
Remarks 1.3. Sjogren’s results [32] for Fekete points on C1'® surfaces imply esti-
mates in (1.4) and (1.5) of order 1/N'/(24=2) when ¢ > 3.

For convex or C*®-smooth conductors K in dimension ¢ = 2, our method will
give order O((log N)/N) which is close to the known optimal order O(1/N) for
very smooth conductors in the plane (different from circles). Thus it is plausible
that the orders in the theorems above are best possible relative to N (except perhaps
for spheres).

Pommerenke’s paper [30] implies an order estimate O((log N)/N) for ¢ = 2
under weaker conditions on K, but only for the unbounded domain K °°.

1.3. Method of proof. Since the proof of Theorem 1.1 is quite long we present
a detailed outline here. Precise results will be given in subsequent sections.

Step 1. In order to manufacture a positive potential, we start with a lower bound
for the difference U“N —U% on K or ¥. Here U¥ =V = V(K), the Robin constant
for K. In Chapter 3, comparison of energies in the spirit of Pélya and Szego [29]
and a useful observation by Sjogren [32] lead to a lower estimate

WN W ~ . C1
(1.6) U U¥ > —6(wy) on X, with 0<é(wy) < N

The result extends to all of R? by the minimum principle for harmonic functions.

Step 2. We next form the auxiliary potential

e 1
(1.7) T=ur Lyev _pe 4+ Town)U*,

e 1
ON d:wa —w+ Vé(wN)w, supp py C X.

By (1.6), T > 0 on X, hence T > 0 throughout R? — X.
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Step 3. If ¥ is the unit sphere S = S(0,1) one has U“V(0) = U¥(0) = 1 and
V =1, so that T(0) = §(wy). One may then use the Poisson integral or Harnack’s
inequality to prove that T, and hence U¥Y —U¥ < T, is < O(6(wn)) at distance
>¢e >0 from X, cf. Korevaar’s report [19] for ¢ = 3.

In the general case there is usually no finite center where one has information
about the value of T. However, we do have information at infinity:

(18) LT) ® Jim [12T(z) = 8()

since lim |#|72U*(z) = 1 for all probability measures .
For z in the exterior domain 2°° one may now use a Harnack inequality around
oo to conclude that for the positive harmonic function T,

(1.9) T(z) < c(do)L(T), dy = d(z,%).

To verify this one may apply Kelvin inversion with center 0 € §2; for finite domains
there is a general Harnack inequality in Gilbarg and Trudinger [11]. For our domains
one can estimate c(d;) < ¢/(1 +d,)/di™!, cf. Section 2.3. Combining (1.9) with
(1.6) — (1.8) one obtains the upper bound in (1.4) for the exterior domain.

Step 4. To go from the exterior to the interior we establish a general inequality
(1.10) T(x) < A(z,2)L(T), =z €,

for nonnegative potentials T of signed measures on 3. The proof of (1.10) uses
integral representations for T'(x) and L(T") in terms of the values of T on ¥ (Chapter
4).

Convex or C'*®*-smooth domains 2 are special cases of Lipschitz domains. One
says that the (bounded) domain 2 in R? is a Lipschitz domain, or that ¥ = 9Q is a
Lipschitz surface, if for every « € ¥ there are a neighborhood U of z, a coordinate
system (£,7), £ € RI™1 5 € R, and a Lipschitz continuous function ¢ such that
Qnu ={(&n) : ¢(§) <ntNU.

Using the same notation, ¥ (or §2) is said to be of class C1'® (0 < a < 1) if the
function ¢ is of class O and its gradient is Holder continuous with exponent a.

For harmonic functions on a Lipschitz domain which are continuous up to the
boundary ¥ there is an integral representation involving normal derivatives of Green
functions, cf. Dahlberg’s work [2] on harmonic measure. This representation will
be extended to potentials T" of measures on Y. For the exterior domain we obtain
an integral representation for the limit L(7T) at oo involving the Green function
with pole at oo.

In order to get simple representations we use adjusted area measure o(y) =
Ay)/(g—2)A(S), where ) is Lebesgue area measure on ¥ and S = S971 is the unit
sphere in R?. For the convex and C™® case considered in Theorem 1.1 we have
useful inequalities for the “interior” normal derivatives of the Green functions.
Taking x € 2 we are thus able to estimate as follows:

1) = [ )G () dots) < M) [ T(0)doty)

M(z) M(z) ¢

< 2 [ 1) 5 o) dot) = ST <

(1.11)

L(T).

Indeed, (0G/dny)(y,z) will be bounded above by a constant M (z) < ¢/d%~! for
z € Q and y € X, while (0G/0ny)(y,c0) is bounded from below by a positive
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constant m (Section 2.2). Combination of (1.11) with (1.6) — (1.8) gives the upper
bound in (1.4) for the interior domain.

As a by-product of integral representations we obtain an expression for the clas-
sical equilibrium measure w on Lipschitz boundaries in terms of the Green function
with pole at oo, see Section 4.4.

The authors are indebted to the referee and to N.J. Korevaar for useful observa-
tions.

2. AUXILIARY NOTIONS AND RESULTS

2.1. Kelvin transformation. For the study of harmonic functions on unbounded

domains such as Q°° in R?, ¢ > 2, it is convenient to use inversion or reflection

with respect to the unit sphere:

(2.1) y=i@) ¥ 5, v e R {0}, j(0) = o0, j(o0) =0.

Observe that j~! = j. Except at 0 and oo, inversion is angle-preserving and of

class C°. Thus if ¥ = 9Q is a Lipschitz or C1'% surface not passing through 0,

then the reflected surface j(X) is also Lipschitz, or C1:@, respectively. For later use

we record that the linear scaling factor at z under inversion is equal to 1/|z|%.
The Kelvin transform v = ku = k(u) of a function u on a domain D in R?U {oco}

is given by

(2:2) o) = (k) = g edlu). v €i(D)

It is well-known that a function u is harmonic at (that is, in a neighborhood of) a
point o # 0 if and only if ku is harmonic at j(zp), cf. Kellogg [15] for ¢ = 3.
A function w is said to be harmonic at oo if and only if its Kelvin transform
ku is harmonic (or has a removable singularity) at 0. Thus if w is harmonic for
R < |x| < o0, it is harmonic at oo if and only if the limit

(2.3) L(w) = lim [o]' 2u(z) = lim (ku)(y)

exists and is finite. In dimension ¢ > 3 it will actually be sufficient if lim, ., u(z) =
0. For ¢ > 3 the potential U* of a (finite) measure p with compact support is
harmonic at oo.

2.2. Green functions for interior and exterior. For unbounded domains such
as our Q% in R?, the Green function G(y,z) with pole at x can be expressed in
terms of the Green function G’ for a bounded inverse domain. Taking 0 € Q, ¢ > 3
and z finite one has

(2.4) Gl1.) = Trmgrs G W J@). v € 0™,

with obvious modification if ¢ = 2.
The important case of Green functions with pole at co is different. We again
take dimension ¢ > 3; the case ¢ = 2 is well-known from complex analysis.

Definition 2.1. Let K C RY, ¢ > 3, be compact and such that the unbounded
component K of its complement (including oco) is regular for the Dirichlet prob-
lem. Then the Green function G(y,o0) for K with pole at co is the harmonic
function on the finite part of K> with boundary values 0 on 9K and boundary
value 1 at oo.
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Observe that G(y, c0) = 1 —w(y), where w is the harmonic function on K> with
boundary function 1 on 9K °°. There is a close relation between the Green function
G(y,00) and the equilibrium potential U¥(y): for compact K as in Definition 2.1
and V = V(K),

(2.5) G(y,0)=1-— %U“’(y) =1—(capK)12U%(y), ye K™,

One may use relation (2.5) to define a generalized Green function G(y, oo) for K>
whenever K is a compact set of positive capacity. We observe for later use that

1 1 1

1o (1),
W00 =1 =gz T\

2 1

q— 1 1
VGy,0)=————-VIyl+0 (—) =0 <—> as y — oo.
Vo lylet ly|? [yl

Remark. For ¢ = 2 there is a logarithmic singularity at oo,

G(y,OO):V—Uw(y), yeKOO

(2.6)

We now turn to the important special case K = Q with Q as in Section 1.2. If
0 € Q, the Green function G(y,o00) for 2°° with pole at co will be related to the
Green function G’(z,0) for the bounded domain €' = j(Q°°) with pole at 0 by the
formula

(2.7) Gly.o) = i

We will need the following results on Green functions in R? (¢ > 2):

Proposition 2.2. (i) Let ¥ = 9Q be of class CY*. Then the interior Green
function G(y,z) is of class C* on Q — {x} and the (interior) normal derivative
0G(y,x)/0ny is strictly positive on ¥. Moreover, there is a constant ¢ = ¢(2)
depending only on Q such that, with d, = d(z, %),

Gl(j(y),O), y € Q.

vy € Q; 8—G(y,fzr) <

2. < —
( 8) |vyG(ya$)| — |y _ x|q_17 any

F, VyeZ

There are corresponding results for exterior Green functions G(y, ) with finite pole
z, but now OG(y,x)/Ony, < /(1 +dy)/de™" for y € X. Similarly, G(y, o) is of
class C1 on clos Q> — {oo} and there is a positive constant m = m(%) such that

oG
2.9 —(y, >m, Vye.
(29) o :09) 2 m, Yy
(%) In the case of convex Q) there are positive constants ¢ and m such that (2.8)
and (2.9) hold for all y outside an exceptional boundary set of “area measure” zero.

Proof. (i) For the C'® case the results on the interior Green function G(y,z) go
back to Lyapunov [26] and Eydus [5], see Widman [34], [35] who actually considered
more general Lyapunov-Dini domains 2. For the exterior Green functions one may
use inversion.

(ii) The convex case. For convex  C R3 the Green functions with pole z in
or at co have been studied by Gabriel [8]-[10]. He proved that the level surfaces
for these functions are strictly convex, and that along the orthogonal trajectories of
the interior level surfaces, |VG(y, x)| is strictly decreasing as y moves from the pole
towards X. The same method shows that |[VG(y, co)| is strictly increasing towards
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3 along such trajectories in the exterior, cf. Monterie [27]. One could use this fact
to obtain (2.9). Gabriel’s proofs readily extend to other dimensions.

(ila) We will prove (2.8) with a constant ¢ depending only on ¢. It is sufficient to
consider the case where y € ¥ and ¥ is smooth, otherwise one can work with a level
surface X5 : {G = 6} and take a limit if necessary, cf. Proposition 4.1 below. In
the proof we take ¢ > 3 and compare €2 with a half-space; for the case ¢ = 2 (with
¢ = 2) cf. Nevanlinna [28], section 63. Let Y be the tangent hyperplane to X at y
and let H be the half-space with boundary Y that contains 2. By the comparison
principle, G(z, z) is majorized for z € Q by the Green function

~ 1 1
G(Z7.T) = |:Z: — Z|q—2 — |x/ — Z|q—2

for H with pole at x; 2’ is the reflection of z in Y. Thus

oG oG 20—2)(z—y) - ny, _ 2(¢—2)
= — < e —— = < *
|vyG(y=$)| 8ny (y,l’) = 8717! (y’x) |$_y|q - |:z:—y|‘1_1

(iib) For (2.9) we use the fact that Q satisfies an exterior sphere condition with
fixed radius r. For each y € X, we consider a sphere S, with radius r in Q° which
is tangent to X at y, as well as the concentric sphere S‘; of radius %r. Letting 8 >0
be the minimum of G = G(-,00) on the union of the spheres S, z € ¥, we define
F' = F as the harmonic function on the “annular” domain A4, between S, and Sj
with boundary values 0 on S, and 8 on Szl/' Since G > F on A,,

oG OF
el > 2
any (y) > an, (y)

wherever 0G/dn, exists. The right-hand side is equal to a positive constant m
which depends only on 3, r and gq. O

Remark. The uniform exterior sphere condition also implies that 0G(y, z)/dn, <
C(dy) for x € Q and all y € ¥ where the normal derivative exists. This may be
proved by comparison of G(y,z) with a suitable harmonic function on the inter-
section of {) with the annular domain bounded by S, and a concentric sphere of
radius r + %dw.

2.3. Harnack inequalities. We will need some properties of harmonic functions
in RY related to the Poisson integral for a ball, c¢f. Gilbarg and Trudinger [11],
Hayman and Kennedy [12].

Poisson integral. If W is harmonic in the ball B(zg, R) and (piecewise) continuous
on the closed ball, then

1 R? — |z — x0)?
2.10 Wx:—/ —W(y)do(y), =€ B(xo, R),
(2.10) S T e e (L) (20, F)

where o denotes adjusted area measure as in Section 1.3. Hence, taking the gradient
under the integral sign,

(2.11) VW (o) < & sup [W(y)l.
S(IEQ7R)
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Standard Harnack inequalities. If T is harmonic and > 0 in the ball B(zo, R), then
for | — x| =7 < R,

(R - r>Rq_2T(x0) < T(x) < (R+r)R1—2

T({E())

By inversion, if 7' is harmonic on the exterior R’ < |x — x| < 0o of B(zg, R’), then
for |x — x| = R" > R/,

/! /
(2.13) T(x) < %L(T)7 where L(T) = mli»ngo 2|72 T (z).

For arbitrary bounded domains €2 containing 0 or unbounded domains 2°° con-
taining oo, with boundary X, one may use (2.12), (2.13) and a covering argument
for the subset E of those points = for which d; = d(z, %) > § > 0 to obtain

General Harnack inequalities. For nonnegative harmonic functions T',
(2.14) T(z) < c1(d)T(0), Ve € Q; T(x) < co(dy)L(T), Yz € Q™.
We need the following more precise estimates for special domains:

Proposition 2.3. Let X = 9Q C RY be of class C*®, or suppose that Q, or O,
respectively, satisfies a uniform interior sphere condition. Then there are a constant
co (if 0 € Q) and a constant coo such that for all nonnegative harmonic functions
T on Q, and on Q°°, respectively,

co Coo(14dy)

The second estimate will hold in particular on the exterior of a compact convex set.

T(0), Ve eQ; T(z) <

L(T), Vz € Q™.

Proof. (i) The C%* case. Let T be nonnegative harmonic on a Lipschitz domain
2 3 0. By the work of Hunt and Wheeden [13], cf. Jerison and Kenig [14], there is
then a finite positive measure p on ¥ such that

Tmzémeww,

where the kernel K (y, x) is equal to the Radon-Nikodym derivative dw, (y)/dwo(y).
Now in the C1:® case

0G(y,z)/0ny
0G(y,0)/on,’

hence by Proposition 2.2, setting miny. 0G(y,0)/0n, = mq,

K(y,fb) =

c 1 c
(ii) The sphere condition case. Suppose 2 3 0 satisfies the interior sphere con-

dition with radius R. We may assume that R < d(0,%). There will then be a

constant M such that for the points z € Q with d, > R, T(z) < MT(0). For a

point z with d, < R there must be a unique nearest point y € X; furthermore,

the sphere S(z, R) through y with radius R and center z on the extended directed

segment [y, 2] must belong to Q. Now (2.12) shows that T'(x) < (2R/d,)? 1T (z).
The second inequality (2.15) follows from the first by inversion.
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2.4. Capacity regularity. For nonempty compact K C R? (¢ > 2) we let K, be
the closed p-neighborhood of K (p > 0).

Definition 2.4. K (or its interior) will be called capacity-regular if there are pos-
itive constants A and B such that

(2.16) capK, <capK + Ap, or V(K,)>V(K)—Bp, Yp>0O0.
Since cap K, = O(p) for p — oo, condition (2.16) is a constraint only for p — 0.

Proposition 2.5. C% and bounded convex domains 0 are capacity-reqular. Lip-
schitz domains Q0 are capacity-regular at least for ¢ > 3.

Proof. For our main results in dimension ¢ > 2 we only need the case of C1'® and
convex domains. For those, capacity regularity is easy to prove. Set Q@ = K. In
the C1* case, K, is enclosed by a level surface X5 : {G(y,00) = §} with § = Cp,
hence V(K,) > V(Xs) = (1 — Cp)V(K). In the convex case, one may blow up K
by a factor 1 4 Cp from a suitable center to cover K.

Nick Korevaar has shown us how to prove the Lipschitz result (¢ > 3). Define

(2.17) C(K)=inf [ |Vu]?, K=0Q,
Ra

where u runs over all functions in C§° which are > 1 on K; the Robin constant
V(K) equals const/C(K), cf. Adams and Hedberg [1] or Gilbarg and Trudinger
[11] (1983 edition, p. 27). Thus it will be sufficient to compare C'(K,) with C(K).

The idea of the proof is to construct a diffeomorphism y = ¥(z) of R? which
maps K onto a neighborhood of K, and which is equal to the identity plus O(p).
With such a map in hand one can transform “good” functions u(x) for C(K) in
(2.17) into good functions U(y) = u(x) for K,:

UeCy®, U>1on K,, V,U(y) ={1+0(p)} Vs u(z).
Since also dy = {1 + O(p)} dz one will conclude that

Cr,) < [1V, U@ dy < {1+ 0() [ Vau(@Pds as p—0.

As a first step towards a suitable diffeomorphism we construct a smooth vector
field v on R? which is transverse to X and has compact support. Consider the points
y € ¥ = 0K where there is a well-defined unit outer normal n,. (The normals exist
almost everywhere relative to area measure.) There will be constants 6 > 0 and
2r > 0 (depending on the Lipschitz character of X) as follows: for all our points y,
there is a ball B(y,2r) such that the normals to ¥ at the points z € ¥ N B(y, 2r)
satisfy n. - n, > 6. We now cover ¥ by a finite number of the smaller balls B(y, r)
and define a piecewise constant vector field w by setting w(x) = Xyn,, where the
summation is over all y such that B(y,r) > . Then w-n > § on ¥ and w = 0 at
distance > r from Y. The desired smooth vector field v is obtained by convolution
with an approximate identity of small support: v = w x ¢. Here we take supp ¢ so
small that v-n > %6 on X.

One finally defines the diffeomorphism ¥ by flow with the field v over a distance
(3/6)p, so that ¥(x) = z+(3/6)pv(x). For small p, the set K, will then be contained
in ¥(K). |

There are compact sets K which fail to be capacity-regular:
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Examples 2.6. Line segments L in R? or R? are not capacity-regular. This may
be shown by comparing L, with rectangles or ellipsoids. Taking for L the segment
[—1,1] of the x;-axis in R® one may use inscribed and circumscribed ellipsoids

3 23+ 23 cap B = 2c
a? 2 T mlog{(a+c)/(a—c)}
(where ¢ = Va? — b2, a > b > 0), cf. Landkof [25], to derive that

capL, ~ as p— 0.

1
mlog(1/p)
In R? a disc would be a good candidate for an example with positive capacity.
However, it is easier to treat the union K of the closed unit ball B = B(0,1) and a
segment of the x1-axis such as L = [1,3]. Here one may use a combination of the
equilibrium measures for B, and L/, where L' = [2,3], to show that

capr>capK+m asp — 0, with ¢>0.

3. THE ENERGY METHOD. EXTERIOR ESTIMATE FOR FEKETE POTENTIALS

In this chapter K is an arbitrary compact set in R? (¢ > 2) of positive capacity,
cap K, or finite Robin constant V = V(K). As before, K, stands for the closed p-
neighborhood of K and K°° denotes the unbounded component of the complement
K¢ of K, including the point at infinity. As in Chapter 1, wy = wy(K) and
w = w(K) denote an (arbitrary) Nth order Fekete measure for K, and the classical
equilibrium measure, respectively. The corresponding potentials are U“Y and UY.
The energy I(w) is equal to the Robin constant V' = V(K). For wy we use the
discrete or Fekete energy, I*(wy).

Our first goal is to obtain a good lower bound for the difference U“Y —U*“. Here
it is convenient to introduce a number 6(wy) by setting

(3.1) —S(wy) inf U (2) V.

Since U¥ <V, Fubini’s theorem shows that

(3.2) _S(wn) < / U“N du — V = / U dwy — V < 0.
K K

(As a rule é(wn) > 0. For example, if K is the boundary ¥ of a Lipschitz domain
Q one has suppw = 3. It then follows from (3.2) that U“~¥ — V| which is positive
around the Fekete points, must be negative somewhere on X.) It is easy to prove

Proposition 3.1. For all x € RY,
(3.3) U“N(z) —U(x) > —6(wn).

Proof. For z € K, (3.3) follows from (3.1) and the inequality U“(x) < V. Next
observe that U“N — U% is harmonic on the complement K¢ of K, including the
point at co. Now let z € K€ tend to a point g € K. Then since U“V is continuous
as a function to R U {co},

lm inf{U*" (z) — U¥(z)} > U“Y(x0) =V > —6(wn).

T—xQ
Thus by the minimum principle for harmonic functions, (3.3) will also hold on every
component of K°¢. O
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3.1. Comparing Fekete potential and energy on K. The minimum property
of the Fekete N-tuples may be used to compare U“N on K with I*(wy), cf. Sjogren
[32]:

Proposition 3.2. One has

1
(3.4) (1_N> U“N(z) > I"(wn), VzeK.
Proof. For x € K and each j, by the minimum property mentioned above,

(3.5)
N N

def 1
Uj(z) = N_1 > B(lx = fakl) = Us(fg) = Z (| fnj — frl)-
k=1,k#j ey oy
Averaging over j = 1,..., N one finds that

N
(3.6) %Z Us(z) = U“N (z Z U;(fnj) = —_I*(wN)
j=1

|

3.2. Lower bound for the discrete energy. The basic ingredients used in the
derivation below may be found in the classical work of Pélya and Szeg6 [29].

Proposition 3.3. For every wy and all p > 0,

(3.7) I* () > V(K,) ~ +-2(p).

Proof. Let wR, be the probability measure on K,, obtained from wy on K by
distributing the charges 1/N at the Fekete points fx uniformly over the spheres
S(fnk, p) of radius p, centered at those points. The potential Uy, of the resulting
measure w?h;, on S(fnk, p) satisfies the relations

Uni(r) = 5 min{®(p), B(Jz  faal)} < 1217 — frel).

Thus for j # k,

1 1 1
JUmidst, < 5 [ @ = ) dot @) = 3UNs) < 358005 — Favl),
while for j =k,
1

Adding up all the terms [ Un; dwf;,,, it follows that
N

1 1 . 1
168 < w5 30 @ — funl) + = 0(p) = I*(wn) + = B(p).
N N N
3.k=1,j#k
The proof of (3.7) is completed by the observation that the energy I(wf;) will be
larger than the minimum V'(K,) of I(u) for probability measures p on K,,. |

Combining Propositions 3.2 and 3.3 with the definition of §(wy) in (3.1) one
obtains
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Proposition 3.4. For every wy and all p > 0,

1
—V(K,) - V(K)— ——®(p).
V() V(E) - (o)

3.3. First lower bound for U“Y — U¥ when K is capacity-regular.

(3.8) ~S(wn) >

Theorem 3.5. Let K € RY be capacity-regular with constant B = B(K) as in
(2.16). Then for q > 3 there is a constant ¢1 depending only on B and q such that
for every Nth order Fekete measure wy on K,

C1 C1

(3.9)  b(wn) < N’ hence U“N (z) — U*(x) > ~NT@=D Vo € RY.

Proof. By (3.8), (2.16) and (1.2),

(310)  —6wn) > —{V(K) — Bp} — V(K) — —— 1 ypso.
N-1 N —1 pa—2

The first inequality in (3.9) now follows by maximization of the right-hand side of

(3.10) as a function of p. Next use Proposition 3.1. O

Remark 3.6. For ¢ = 2 one has ®(p) = log(1/p) and then the inequality for §(wy)
becomes
log N

(311) 6((4)1\]) S C1 N .

3.4. The auxiliary potential 7. For ¢ > 3, we now introduce an auxiliary
potential T as in Section 1.3:

(3.12) T=UPN =U“Y — (1 - %6(@\;)) U“, pn=wn— <1 - éé(wN)) w.

Proposition 3.7. The function T is nonnegative throughout R?. It is harmonic
on the complement K¢ of K (including o) and

(3.13) L(T) = lim |z|7?T(z) = %6(0;]\;).

Tr—00

Proof. If §(wn) >V, then T > U“Y > 0, hence in order to prove T' > 0 we may
assume 6(wy) < V. The nonnegativity of T in R? then follows from the fact that

(3.14) T>U% — <1 - %6(%\7)) V=UY-V+66wn)>0 on K,

cf. the definition of §(wy) in (3.1) and the proof of Proposition 3.1.
For probability measures p on K, the product |x|9~2U*(z) tends to 1 as z — oo,
hence T satisfies the limit relation (3.13). |

3.5. Upper bound for U¥N — U% on the exterior domain K°°. New lower
bound.

Theorem 3.8. Let K C R?, g > 3, be capacity-regular as in Definition 2.4. Then
there is a function c(d,) depending only on (K and) d, = d(x, K) such that for
every Nth order Fekete measure wy on K and every x € K™ |

_ WN _ w
(3.15) c1 min (1, dg_2> D <UN(z) —U%(x) <T(z) < N

Here ¢y is the constant from (3.9).
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Proof. Knowing that T (3.12) is harmonic and nonnegative throughout K, we
can use the second Harnack inequality (2.14) to conclude that for every wy,
1
T(x) < eo(d,)L(T) = Cg(dm)vé(WN), x e K.

Here §(wy) is as in (3.1), cf. Proposition 3.7. The proof of (3.15) is completed with
the aid of (3.12) and (3.9):

w w 1 w Cl(dr)
U“N(z) —U%x) =T(x) — V(S(wN)U () <T(x) < NG
N w 1 w 1 cp 1 1
U“N(z) = U¥(z) = —75(WN)U () = _Vé(wN)_d%_Q = TV I NYG D

|

Refinement 3.9. If K has CY® outer boundary X or if K is the closure of a
convex domain, Proposition 2.3, (3.138) and (3.9) imply that one may take

(3.16) o(dy) = C(dlq—:d)

in (3.15), where ¢* depends only on K.

Remark 3.10. For dimension ¢ = 2 one may define a nonnegative auxiliary function

T by setting T = U“N — U¥ 4 §(wy). In this case L(T) = §(wn) so that by (3.11)

for capacity-regular K,

log N
N

Remark 3.11. One has I*(wy) < (1 — 1/N)I(w). Indeed, the harmonic function
u; = U; —U® on K has lim, . |27 2u;(z) = 0, cf. (3.5), hence by the minimum
principle, liminf,_, g, x u;(x) < 0. It follows that U;(fn;) < supU® = V. Finally,
by (3.6), I*(wn) < (1 —=1/N)V.

In combination with (3.7) for suitable p = py — 0, it follows that I*(wy) —
V =1(w) as N — oo for every compact set K of positive capacity.

(3.17) U“N(z) —U®(z) < (dy) , z €K™

4. INTEGRAL REPRESENTATIONS FOR POTENTIALS
INVOLVING GREEN FUNCTIONS

Throughout this chapter € is a (bounded) Lipschitz domain in RY, ¢ > 2, with
boundary ¥ and exterior domain Q°*° cf. Section 1.3. As before, o denotes adjusted
area measure o(y) = A(y)/(q — 2)A(S) on X (leaving out (¢ — 2) if ¢ = 2).

4.1. Representation for harmonic functions and potentials on 2. The
following proposition summarizes an important result of Dahlberg [2] concerning
harmonic measure on Lipschitz domains, cf. Jerison and Kenig [14] and Kenig [16].

Proposition 4.1. For z € Q let G(-) = G(-,z) be the Green function for Q@ with
pole at x. There will be an exceptional subset F' = F, of > = 0 of area measure
o(F) =0 as follows. Whenever y € ¥ — F, the inward unit normal n, exists and
the normal derivative

oG

(4.1) B

1
(y) = lim ~G(y + eny)
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exists as a finite positive number. As a function of y, the derivative is integrable
over Y. For measurable subsets E C X, the harmonic measure

(4.2) wy(E)  equals %(y,x)dcr(y).
E 0Ny

Not only is w, absolutely continuous with respect to o, but the converse is also true.

By the definition of harmonic measure, Proposition 4.1 implies a Green-type
representation for functions u of class CH(2): harmonic functions on € which are
continuous up to the boundary. We extend the formula to potentials of measures
on the boundary by a limit process.

Theorem 4.2. For Lipschitz Q with boundary X the Green-type representation

oG
@3) )= [uw)dat) = [uwg @t @e9
» » Bny
is valid not only for the functions u in CH(Q), but also for the potentials w = UP
of arbitrary complex measures p with support in ¥ (or with bounded support in
clos Q).

Proof. (i) We first prove (4.3) for the potential due to a point mass 1 at a point
zg € 2. The desired formula is

(4.4) up(x) & ®(|z — 2|) = / O(ly — z0)) dwaly), =€

Since ¥ is Lipschitz we can choose a truncated convex open cone A C Q°° with
vertex at zo. Let points z. tend to zp along a ray in A as € | 0. Then u.(z) =
®(|z — 2¢|) belongs to CH(S), hence (4.3) holds for u.. Now us(y) — uo(y)
pointwise for y € ¥ as ¢ | 0 and u(y) > 0. (Scaling Q to diameter < %, this may
also be assumed in the 2-dimensional case.) Hence since

/ ue(y) dwe () = ue() — uo(z),
>

Fatou’s lemma shows that [ ugdw, exists and is < ug(z).

To prove equality one may now use dominated convergence. Indeed, there will
be a constant ¢ > 0 such that |y — z:| > cly — zo| for all y € ¥ and all z., hence
u. will be majorized on ¥ by a constant multiple of ug. (This applies to dimension
g > 3; in dimension 2 there is a majorant ug + C.)

(ii) For the potential w = U” of an arbitrary complex measure p on X, formula
(4.3) follows from (4.4) with the aid of Fubini’s theorem.

The same proof works if supp p is a bounded subset of clos Q. O

4.2. Representation at infinity for harmonic functions. We need an exten-
sion of the representation in Theorem 4.2 to the exterior domain 2°°, in particular
for the limit L(u) = lim |9 2u(x) at co. The proof will use the Kelvin transforma-
tion, but this presents a small difficulty: approach to the boundary along straight
normals as in (4.1) is not preserved under inversion. However, in (4.1) one may
approach Y along any curve tangential to the normal:

Lemma 4.3. Let Q, x, G, F and y € ¥ — F be as in Proposition 4.1 and let v be
a smooth arc in Q with end-point y and limit direction along n,. For small € > 0,
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let we be the point of v at distance € from y. Then

(4.5) %(y) d:eflgi%l éG(wg) exists and = g—fy(y)

Proof. Since ¥ is Lipschitz and has a tangent plane at y, the set Q — {x} contains
a truncated open convex cone H with vertex y and axis along n,. For small e,
both y. = y + en, and w. belong to H. Because the Green function G is positive
harmonic on H, one may use the Harnack inequalities (2.14) on the maximal ball
B(ye, Re) around y. in H to compare G(w.) with G(y.). The result is

6w = {1+0 (=) w0

Thus since R, is comparable to ¢ while w. — y. = o(e),
1 1
lim =G (we) = lim =G (ye).
€ €
|
Proposition 4.4. For Lipschitz Q C R let G(-) = G(-,x) be the Green function
for the exterior Q°° with pole at x, where x may be co. Then the outward unit
normal n, and the corresponding normal derivative 0G/0n, exist for ally € ¥ =

0 outside an exceptional set F' = F, of area measure zero. For any function
u € CH(2*) one has the representations

(46)  u(z) = / u(y) dwa () = / u<y>§§y<y,x>da<y>, e 0% — (oo},
(47) L) = lim [o]'"2u(z) = / u(y)dv(y) with du(y) = g—g@,m)cza@»

Proof. We limit ourselves to the case © = oo and the proof of (4.7). For sufficiently
smooth ¥ and u, that formula follows immediately from Green’s theorem for the
domain between ¥ and the sphere S(0, R) by letting R — oo, cf. the asymptotics
(2.6).

To deal with general ¥ and u we take 0 € 2 so that |y|7"2G(y) = G'(j(y)) for
y € 2%, where G'(z) is the Green function for the reflected domain ' = j(2*°)
with pole at 0 (2.7). Observe that ¥ = 9§ is also Lipschitz. Let F' = F be
an exceptional subset of ¥/ of the kind described in Proposition 4.1 and define
F =j(F"). At y € ¥ — F there will then be an outward unit normal n, since there
is an inward unit normal n, to ¥’ at z = j(y). Set y. = y +en, and w. = j(y:). It
will be shown that

1 1 /
8—G(y) =lim —-G(y.) exists and = oG

4. —_——
(48) ony clo e ly|? On.

To this end, notice that inversion of (an initial segment of) the normal n, at y

gives a smooth arc in ﬁl which starts at z € ¥’ — F” in the direction of n,. Hence
by (2.7) and Lemma 4.3 for Q' and F”,

L | i) — i) Cw) 1 e
Zlyeli2G(ye) = ~ G (w.) = LI
el G e) = CG we) = T = P oms

ase | 0,

cf. Section 2.1 for the linear scaling factor at y under inversion. Thus the limit in
(4.8) exists and has the indicated value.



2344 J. KOREVAAR AND M. A. MONTERIE

For the proof of (4.7) we now introduce the Kelvin transform v = ku of u €
CH(9°°) which will be in CH (). Recall that v(0) equals L(u) (2.3). Applying
(4.3) to v on ', using (4.8) and the appropriate scaling factor for an area element,
one obtains the desired result:

oG’ _ oG do(y)
L = 0) = d = q—2 q .
(u) = v(0) /E v(2) 5, - (2)do(2) /E ly" u(y)ly an, () P
For the representation of u(z) when z is finite one may appeal to (2.4). O

4.3. Representation at infinity for potentials.

Theorem 4.5. Let ) be the exterior of Lipschitz Q0 C R9, let v = v4 be the
representing measure for limits at oo described in Proposition 4.4 and let p be any
complex measure on' Y or Q. Then the representations (4.6) and (4.7) are also valid
for the potential w = UP with but one small restriction: the formula

@) [ vrar= [ U5 (0,00) dota) = LU?) = Jim [of"20 () = p(E)

Ty T —00

requires that p(Q) = 0 when ¢ = 2.

Proof. We limit ourselves to (4.9).

(i) The case ¢ > 3. Here it will be sufficient to consider the potentials u(z) =
®(|z — z|) of point masses 1 at points zp € Q; as in the case of Theorem 4.2,
Fubini’s theorem will do the rest. For zy € Q the function u(z) is in CH(2*°) and
then (4.9) follows directly from Proposition 4.4. Thus we need only show that

(4.10) / O(ly — zo0]) dv(y) = lim |27 2®(|x — 20]) =1, Vzp € X.
E r—0o0

To prove this, one may use Fatou’s lemma and dominated convergence as in the
proof of Theorem 4.2, now approaching zg € ¥ by points z. inside {2 on a suitable
ray.

(ii) Dimension ¢ = 2 is harder since in this case, potentials of point masses 1
are not harmonic at co. However, constants are. It will be enough to show that
J uodv = 0 where ug(z) = log(1/|z — zo|) — U¥(x) with arbitrary 2y € X. Setting
ve(x) =log(1/|x — z:|) — U¥(x) + V with 2. € Q approaching zg as in part (i), we
may assume ve(y) > 0 for y € 3 (scale 2 to diameter < 1). Now v, € CH(2>)
so that [v.dv = L(v.) = V, while v. — vy = up + V pointwise on X. Thus by
Fatou’s lemma f v dv exists and is < V. Finally, since v. < vg+C on X, dominated
convergence shows that [vodv =V, hence [ugdv =0. O

4.4. Representation for the equilibrium measure. As a corollary to Theorem
4.5 we obtain a representation for the equilibrium measure in terms of the normal
derivative of the Green function with pole at oco:

Theorem 4.6. Let K be the closure or the boundary of a Lipschitz domain 2.
Then the equilibrium measure w for K on X = 0N) has the representation

oG
Ony

(y,00)do(y) if ¢=2.

dw(y) = Vdv(y) =V —(y,00)do(y) if ¢ >3,

oG

dw(y) = o
Y
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Proof. Let v = v, be the representing measure on ¥ for the value lim,_, « |29 2u(z)

as u runs over the class CH (). Let z be any point in Q.
(i) For ¢ > 3 and u(z) = ®4(|z — z|), Theorem 4.5 shows that

U(2) = / By(|y — =) di(y) = L(u) = 1.

Now if a positive measure on 2 has constant potential on €, it must be a multiple of
the equilibrium measure. This follows readily from Fubini’s theorem; in the present
case:

VU(E)z/U“du:/U”dw:L
by )

Thus Vv is a probability measure on ¥, and its potential equals V' everywhere on
Q. However, w is the unique probability measure on ¥ with that property, so that
w= V.

(ii) If ¢ = 2 one may take v = 1 in formula (4.7) to show that 1»(X) = 1. We
now set u(z) = ®o(|z — 2|) — Pa(|z — 20|) with 2o € Q fixed. Here formula (4.9)
gives [y, udvy = L(u) = 0, hence

U¥(z) = /E Oo(|y — z|) dva(y) = c(onstant), z € Q.

This time Fubini’s theorem shows that ¢ = f UYdw =V, so that vy = w. O

Remark 4.7. An alternative proof of Theorem 4.6 may be obtained as follows. Set
G(y) = G(y,00) on 2, G(y) = 0 on 2. Then the relation between G and U
implies that in the sense of distributions

VAG =-AUY = (¢ — 2)\(S)w

(this is for dimension > 3, cf. (2.5)). For sufficiently smooth ¥, Green’s theorem
may now be applied to (AG, ¢) = [ GA¢ with ¢ € C§° to show that

oG oG

AG=— A= (q—2)A(S)—=— o,

A= @-2M8) 50
where n is the normal pointing into 2°°. The argument can be extended to Lipschitz
surfaces 2 by a limit process, using results on the nontangential maximal function
for VG such as may be found in Kenig [16].

5. FINAL ESTIMATES FOR FEKETE POTENTIALS AND FIELDS. SMALLER FIELDS

5.1. Estimating Fekete potentials and fields. Let 2 C R? with boundary X
be convex or of class Ol’o‘._ln particular K = Q) will then be capacity-regular. As
before, the complement of €2 is called 2*° and d, = d(z, X).

Proof of Theorem 1.1. Here q > 3.

(i) The lower bound in (1.4) follows from Theorems 3.5 and 3.8.

For the upper bound we make use of the nonnegative auxiliary potential T
introduced in (1.7):

1
(5.1) T=U“" — (1 - V&(wN)) U® =UPY, with supp py C X.
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(i) For x € Q°, the upper bound for U~ (z) — U¥(z) in (1.4) follows from
Theorem 3.8 in conjunction with Refinement 3.9:

w w cld.)  c(1+dy) 1
(52) Ush(e) - V@) <T@) S G = — g1 N

(iii) For z € Q, the upper bound follows from the inequalities (1.11) for T'(z) in
conjunction with Proposition 2.2, followed by formula (3.13) for L(T') and inequality
(3.9) for 6(wn):

" ” " 1 ct 1

|

Remark 5.1. For the planar case our method gives

log N c2(1+d;)log N
dy N’
cf. Remarks 3.6 and 3.10. We conjecture that the numerator log N in these inequal-
ities can be replaced by 1, cf. Korevaar’s survey [21] for supporting arguments.
Proof of Theorem 1.2. Again, ¢ > 3. By (1.4),

Jl+d, 1
2 gt NY(a-1)?

(5.4) —c1 <UYN(z)—U%(x) < Vo & X,

(5.5) |UN () = U%(z)| < ¢ x g
The desired inequality (1.5) for £“¥ — £“ now follows from (5.5) if one applies the
gradient inequality (2.11) to W = U“Y — U* on the balls B(z, 1d.). O

5.2. Distributions of point charges which produce very small interior
fields. In the foregoing we have considered the differences

(5.6) UMY — U and EMV — £¥

for the case where py minimizes the potential energy I*(uy) for distributions of
N point charges 1/N on K. One may also ask a different question:

Problem 5.2. Let K C R? be a compact set of positive capacity. How small can
one make the differences in (5.6) (away from the outer boundary 9y K) if one allows
arbitrary distributions py = pun(1,... ,{n) of point charges 1/N on 9y K?

For the unit circle Cy: {|z| = 1} in the complex plane C, the Nth roots of unity
form a Fekete N-tuple. Here the differences |E¥N — £“| become exponentially small
outside a fixed neighborhood of C; as N — co. However, for Jordan curves I' C C
different from circles, very small differences (5.6) are associated with charges 1/N
at the conformal images of Nth roots of unity,

(5.7) G = o(e®™/N) k=1,... N,

rather than Fekete points. Here ¢ is a conformal map from the exterior of the unit
circle onto the exterior of T such that ¢(co) = co. For analytic Jordan curves T,
the corresponding differences (5.6) are O(e=“V) at distance > § > 0 from I' as
N — oo, with ¢ = ¢(§) > 0, cf. Korevaar and Geveci [22]. Even for arbitrary
bounded domains (2, charges at points (5.7) on the outer boundary I' = 92 are
good for relatively small fields inside Q, cf. Korevaar [17].

Problem 5.2 is especially challenging in the case of the unit sphere S = S(0,1)
in, say, R?. Preliminary numerical results of Kuijlaars and Voogd in Amsterdam
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suggest that for the sphere S, the Fekete fields £“N do not become extremely small
on interior balls B(0,7) (r < 1) as N — oo. Cf. also the behavior of the dipole
moments for the least energy states in the table by Erber and Hockney [4] for
3 < N < 112. But how small can one make the fields £#~ on interior balls if one
allows arbitrary carrying N-tuples

ZN:(Cla"' 7CN)

for the point charges 1/N on S? The precise order of smallness is not known, but
one has

Theorem 5.3. (Korevaar and Meyers [24]). On the unit sphere S C R® there are

special N-tuples of points Zy such that for the associated distributions puy =

cN/3

un(Zy) and N — oo, the differences (5.6) become as small as O (e‘ ) outside

any giwen neighborhood of S (with ¢ > 0 depending on the neighborhood). However,
the differences can not become of smaller order than e=eN'?,

The first author has conjectured that the latter order is achieved for the Fekete
N-tuples Zy = (Cn1,---,Cnn) which correspond to the potential in (1.1) with
®(r) = 1/v/r?2 4+ a? (a > 0 arbitrary). For a proof by (multidimensional) complex
analysis it would be sufficient to show that the points in such N-tuples are well-
separated:

1 — Cvil > %N itk

for some constant 6 > 0 independent of N, see Korevaar [20].

N-tuples Zy for which the associated charge distributions py make the dif-
ferences (5.6) very small (away from S) provide good nodes for Chebyshev-type
quadrature formulas on S, that is, quadrature formulas in which all NV nodes carry
the same weight, see Korevaar and Meyers [24] and Korevaar [20].
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